1* Introduction* Let G denote an w-ply connected regular region with boundary components {C v }? =1 . Let K E {z f z x ) and K(z 9 z x ) denote the exact Bergman kernel and the Szego kernel of G, respectively. Let {ZXz)dz\lz\ denote a basis of analytic differentials which are real along 3G. Then the following identity is known:
for some uniquely determined constants C vμ . D. A. Hejhal [3] established the positive definiteness of the matrix HC^H by means of the representations of C vμ in terms of the theta function. In this paper, we shall establish a similar result in a very general situation by means of the pure theory of kernel functions in a sense. Our result leads to a variety of the completeness theorems of the kernels of Szego type which are established in the paper [6] . In § 2, we state notation and preliminary facts and in § 3, the main theorem is given. In § 4 and § 5, completeness of the products of two kernels of Szego type is discussed. These two sections are considered as a continuation of the paper [6] . In the final § 6, we refer to the case of the Szegδ kernel with characteristic of an arbitrary compact bordered Riemann surface which is established by J. D. Fay [1] .
2* Notation and preliminary facts. Let S denote the interior of a compact bordered Riemann surface S with boundary contours {C u }l n Jin+i and genus n. Let {CJϊϋί 1 *" 1 denote a canonical homology basis. Let M denote the Hubert space of analytic differentials f(z)dz which are regular in S and have finite norms: 
The i£-kernels K(z, z t ) and K E (z, z λ ) are Hermitian and L(z, z x ) is symmetric, but L E (z, zj is not symmetric, in general (cf. [7] , pp. 126-137).
Let W(z, t) denote the meromorphic function which has the Green function g(z, t) of S with pole at t( e S) as the real part of W(z, t). The differential idW(z, t) is positive along dS and has JV -2n + m -1 zeros {£"} in S. For simplicity, we assume that all the zeros t u are simple. In other cases, we can modify the following arguments slightly. Further we shall use the same notation for a point on S and a fixed local parameter around there. For an arbitrary integer q, let Hf(S) denote the Hubert space of analytic differentials f(z) (dz) q of order q on S with finite norms:
where f(z) means the Fatou boundary value of / at zedS in the obvious sense. Let K q , t>p (z, z^{dz) (z, z^dz) 9 .
Then L qΛiP {z, z ι ) (dz) ι~q is a meromorphic differential on S of order 1 -q with one simple pole at z ί with residue 1 (in the obvious sense) and satisfies the relation
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We note that K q>t>p (z, sj and L q>tyP (z, z γ (z, zύL^^p-iiz, z,) dz along dS .
Let {ZXz)dz)v^γ denote a basis of analytic differentials on S which are real along dS such that Z£z) = \ L(ζ, z)dζ. Then from (2.1) and (2.3), we obtain the identities
for some uniquely determined constants {C^}. Our first objective is to show the positive definiteness of the matrix ||C^||. By sett-
Since the matrix ||P^|| is nonsingular (cf. [7] , pp. 93-97 and pp. 109-110), we shall show the positive definiteness of (2.6).
Here we note that especially K 0>tΛ (z, zj and K utΛ (z, zjdz are the Rudin kernels (cf. [5] ). If S is a bounded regular region on the plane, then we can identify functions and differentials on S. Hence we can write the reproducing property of K q>t}P (z, z^){dz) q as follows:
where d/dv denotes the inner normal derivative with respect to S. Therefore we can regard K q , ttP (z, zj as the Szego kernel with weight p(z)(dg(z, t)ldvy~2 q for the (Hardy) space iJ 2°( S). By this interpretation of (2.7), we can consider the kernel K qtt , p (z, z λ ) for an arbitrary real value of q and K ι/2ΛΛ {z, ^)/2τr is the classical Szego kernel. For a real value of g, we can take a more general interpretation for (2.7) and we shall refer to this in § 6, again. Proof. Let {<PJ}JL 0 and {ψ k }ΐ =0 denote some complete orthonormal systems such that K q , t)P (z, z λ 
Here we see easily that the double sequence converges absolutely. Let m denote the double index (jk) and we set
A(2) Λ (2) /* (2)
A (2) β .
Further we set X = (X u X 2 , X 3 , , X N ) e C ff . Then we obtain
Here equality holds if and only if (3.1) X,A^ + ^2Ak 2) + + X^Aif ) = 0 for all m .
Hence we obtain, for any z t and z 2 e S, 0 .
-0 .
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we have, by exchanging the variables, 
Hence from the theorem of Cauchy-Read [4] , we obtain, by a function F^ e Hi(S), Here we note that Theorem 3.1 and its corollaries are valid for an arbitrary real value of q, when S is a bounded regular region in the plane and we regard K qytiP (z, z x (z, ZjXdz) 9 }^ is complete in H 2 q (S). In the following two sections we shall show that the set {K q ,t, P (z f Zj) Ki-q ,t,p-i(z, Z d )dz}f =1 is complete in both M and Hi(S). These theorems are a variety of the completeness theorems which are given in the paper [6] .
As in the representations (2.4) and (2.5), we obtain (z, zJK^t.p-iiz, z t 
Let {XJ be any solution of system (5.3); i.e., (z, z^K^^p-iiz, z,) 
Σ -3ϋ L qttfP (z, tJL^t.p-iiz, tj)dz
Hence we must show that
From the definition of X v , by making use of (4.1) and (4.2), we obtain
Hence from Lemma 4.1, we obtain
Thus from the regularity of the matrix ||P^|| and (5.5), we obtain the desired result (5.4) . Now as in the proof of Theorem 2.2 in [6], we obtain THEOREM 5.1. The set {K q , t , P (z, Z^K^t.p-iiz, Z j 
)dz} j is complete in Hi(S).
Here we note that for the set r for any fixed z t e S, Theorems 4.1 and 5.1 are valid, as we see easily from those theorems. The circumstances are similar for Theorems 2. 2 and 3.3 in [6] . 6* Szegό kernels with characteristic* Let U-{U a } be a covering of S such that to each U a there is associated a unique local uniformizing parameter z a : U a -+C and z a and z β are analytically related on U a Π U β . Then, for a real value of q, a differential f(z)(dz) q of order q is defined as a collection of variables which satisfy the transformation laws THE EXACT BERGMAN KERNEL AND THE KERNELS OF SZEGO TYPE 555 Of course, this function (dz$/dz a ) q is not unique, in general and we must show that we can choose them consistently; i.e., such that This is a crucial point, in the treatment of differentials f(z)(dz) q for a noninteger value of q (cf. [8], pp. 249-251 and [2] , pp. 215-218). In the case oί q = 1/2, which is considered as an especially important case, N. S. Hawley and M. Schiffer [2] for the first time had investigated "the Szegδ kernel" of half-order differentials and then D. A. Hejhal [3] in the case of planar regions and J. D. Fay [1] in the case of arbitrary compact bordered Riemann surfaces had investigated.
In this final section, we shall see that our results are valid even if in the case of the Szego kernels with characteristic on an arbitrary compact bordered Riemann surface.
In order to save space, we shall use the same notations and results freely in Chapter VI in [1] .
For E(y, x) is the prime form and x is the symmetric point of x on the double C of R ( [1] , p. 124, Proposition 6.14 and cf. Chapters I and II). Then σ e (x, y) is holomorphic in x and y except for a pole along y -x and satisfies
For any section Φ of L e holomorphic on R, σ e (x, y) has the reproducing property
Again σ e (x, y) is represented by Σi Φj( χ )Φj(v) for a complete orthonormal system {Φj} of holomorphic sections of L e on R. Further we see that σ e (x, yf is a single-valued analytic differential on C x C except for a double pole along y = x and satisfies The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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